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The achromatic number of a nite graph G, (G) , is the maximum number of independent sets into which the vertex set may be partitioned, so that between any two parts there is at least one edge. For an m-dimensional hypercube P m An n-coloring of a graph c : G ! f0; 1; : : : ; n ? 1g is proper if there is no pair of adjacent vertices with the same color. An n-coloring of a graph G is complete if for every pair of distinct colors, there exist two adjacent vertices which are assigned these two colors.
The achromatic number (G) of a nite graph G is the largest number m such that G has a complete and proper m-coloring. The = e then for every pair of distinct colors there exists exactly one pair of adjacent vertices which are assigned these two colors. We call such a coloring an optimal complete coloring.
The existence of an optimal complete coloring for n disjoint m-cliques is equivalent to the existence of a Steiner system.
A family of nite graphs fG n g 1 n=1 with jV (G n )j ! 1 and e(G n ) ! 1 has an almost optimal complete coloring if (G n ) (2e(G n )) 1 2 when n tends to in nity. Geller The following theorem determines the achromatic number of a hypercube of a suciently large dimension up to a multiplication by a constant. An m-dimensional hypercube contains many isomorphic subcubes, each of them is a union of disjoint independent covers. In this paper we apply this property of the hypercube to obtain a good lower bound on the achromatic number. A natural goal is to study other families of graphs, which have similar properties.
A grid of dimension m is a Cartesian product of paths P n 1 ;:::;n m := P n 1 P n m .
For a family of bounded dimensional grids (P n 1 ;:::;n m ) (2e(P n 1 ;:::;n m )) 1=2 when the number of vertices Q m i=1 n i tends to in nity R90, CE97].
Conjecture: For any family of unbounded dimensional grids (P n 1 ;:::;n m ) (2e(P n 1 ;:::;n m )) 1=2 when the number of vertices Q m i=1 n i tends to in nity. Cayley graphs of the symmetric groups S n with respect to the set of Coxeter generators n = f(1; 2); : : : ; (n?1; n)g play an important role in the study of these groups. We believe that methods presented in this paper may be applied to obtain good lower bounds on the achromatic number of these Cayley graphs.
An interesting challenge is to nd and characterize families of Cayley graphs with a large achromatic number (G) (2e(G)) 1=2 = (1). This property depends on the choice of the generating set, as shown in the following example. An m-dimensional hypercube may be represented as a Cayley graph of the Abelian group C n the other hand, the achromatic number of a Cayley graph of C n 2 with respect to the set of all elements of odd weight is 2. In fact, a Cayley graph of any group with respect to a nontrivial coset of a large subgroup has a small achromatic number. We believe that under mild conditions the achromatic number of a Cayley graph is large in the above sense.
